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Abstract 

We construct and investigate smooth orientable surfaces in 5u(A^) 
algebras. The structural equations of surfaces associated with Grass- 
mannian sigma models on Minkowski space are studied using moving 
frames adapted to the surfaces. The first and second fundamental 
forms of these surfaces as well as the relations between them as ex- 
pressed in the Gauss- Weingarten and Gauss-Codazzi-Ricci equations 
are found. The scalar curvature and the mean curvature vector ex- 
pressed in terms of a solution of Grassmanian sigma model are ob- 
tained. 
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1 Introduction 



Sigma models are of great interest in mathematical physics because a 
significant number of physical systems can be reduced to these, rela- 
tively simple, models, either on Euclidean or Minkowski space. One 
such example is the string theory in which sigma models on space- 
time and their super symmetric extensions play a crucial role. Other 
relevant applications of recent interest are in the areas of statistical 
physics (for example reduction of self-dual Yang-Mills equations to 
the Ernst model El ) , phase transitions [HI 0| and the theory of fluid 
membranes |S1 ^ . 

The objective of this paper is to study geometric properties of 
surfaces in Lie algebras associated with sigma models on Minkowski 
space. Recently, we investigated surfaces in su(A^) associated with 
(l2pN~i gigjna, models j2j and found a few examples In this paper 
we extend this approach to more general models based on Grassman- 
nian manifolds, i.e. the homogeneous spaces 



models. Their important common feature is that the Euler-Lagrange 
equations can be written in terms of projectors only W . They share a 
lot of properties like infinite number of local and/or nonlocal conserved 
quantities, Hamiltonian structure, complete integrability, infinite-dimensional 
symmetry algebra, existence of multisoliton solutions etc. The N x N 
projector matrix P for the complex Grassmannian sigma models has 
in general rank lower than the corresponding one for the CP^~^ sigma 
model and consequently new phenomena can arise. 

The generalization of our previous results [3 El to Grassmannian 
sigma models seemed to be rather natural - in fact, it was in a sense 
more straightforward than the generalization from CP^ to CP^~^, 
provided one expressed the corresponding formulas in terms of the 
projector (|2.8|) . On the other hand, a different perspective obtained 




N = m + n. 



Grassmannian sigma models are a generalization of CP 



Sigma 
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in more general case allowed to write some of the results in more 
compact and presumably more natural way. 

The results can be of interest in the area of relativistic classical 
and quantum field theory |lUllllj . string theory in which sigma models 
on spacetime and their supersymmetric extensions play a crucial role 
Other relevant applications of recent interest are in the areas of 
nonlinear interactions in particle physics • The explicit forms of the 
surfaces can serve to illuminate the role of the Kac-Moody algebras 
in integrable models associated with the Grassmannian sigma models 

[nmni. 

The paper is organized as follows. In Section|21we recall some basic 
notions and definitions dealing with the complex Grassmannian sigma 
models and their Euler-Lagrange equations. In Sectional we perform 
the analysis of two-dimensional surfaces immersed in the su(A^) alge- 
bra, associated with these models. The geometric properties of sur- 
faces and the construction of moving frames are discussed in detail in 
Sections 14151 Finally, we summarize our results. 

2 Grassmannian sigma models and their 
Euler— Lagrange equations 

As a starting point let us present some basic formulae and notation 
for complex Grassmannian sigma models defined on Minkowski space. 
We adapt to our signature the notation introduced in jHj for Euclidean 
Grassmannian sigma models. 

The Grassmannian manifold is defined as homogeneous space 

G(m,n)= N = m + n. (2.1) 

S(U{m) X U{n)) 

We express elements G{m, n) using the equivalence classes of elements 
g G SU{N) as 

[g] = {g.^l^ I = ( ^"^ V t/^ G U{m), [/„ G C/(n),detV = 1}. 



(2.2) 



We decompose g G SU (N) into submatrices X, Y 



g = . . .,(Pn) = iX,Y), X = (01, . . .,(f)m), y = {4>m+i, ■ ■ -An) 

(2.3) 
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and from g^g = 1, i.e. (I)\(j)k = 5jk we find 

X^X = l^xm, X^Y = 0, Y^X = 0, yty = 

From these orthogonality relations and (|2.2p we realize that on the 
subset of G{m, n) such that the lower square n x n submatrix of Y is 
nonsingular, X itself is sufficient to determine [g] (since C/„ can be used 
to bring the lower square part of Y to Inxn and the remaining entries 
in Y are fully determined by the orthogonality properties). In the 
following we shall assume that we are working in such chart. Evidently 
they cover the whole G{m, n) up to lower dimensional submanifolds. 
We shall denote the equivalence classes either [X] or [g] depending 
on circumstances. Note that there is still some freedom in the choice 
of X, namely X and X.h, /i S ^ SU{rn) ^ ^.^^ ^.^^ same 

equivalence class [X] = [Xh]. Therefore, one cannot identify X = [X]. 

Let be the standard Minkowski coordinates in M?, with the 

metric 

ids)' = (def - idef. 

In what follows we suppose that = + , = — are the 
light-cone coordinates in R^, i.e. 

{dsf = d^LdU (2.4) 

We shall denote by and Or the derivatives with respect to and 
^ij, respectively. 

Let us assume that is an open, connected and simply connected 
subset in with Minkowski metric (|2.4|) . We define covariant deriva- 
tives Df^ acting on maps X : Q ^ G{m, n) by 

D^x = d^x - xx^d^^x, = a^M, /i = 0, 1. (2.5) 

In the study of Grassmannian sigma models we are interested in 
maps X : Vt ^ G{m, n) which are stationary points of the action 
functional 

S = I iT{{D^X)^{D^'X)}dede. (2.6) 
The Lagrangian density can be further developed to get 

£ = tT{{D^X)\D^X)} = tr{a"X(a,,X)tp} (2.7) 

where 

P = 1 - XX'^ (2.8) 
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is an orthogonal projector, i.e. = P, P^ = P satisfying PX = 
0, X^P = 0. 

The action 1)2. 6() has the local (gauge) SU{m) symmetry 

X{iL,iR)^X{iL,iR).KiL,iR), h{iL,iR) G ( ^^p^""^ \ ) (2.9) 

proving that the model doesn't depend on the choice of representatives 
X of elements [X] of G{m,n); and the SU{N) global symmetry 

X ^gX, gG SU{N). (2.10) 

It is also invariant under the conformal transformations 

a^aia), ^R^PiU), (2.11) 

where a,/5 : M — > R are arbitrary 1-to-l maps such that dLa^S^i) 7^ 
0, diif3{^ii) 7^ 0, as well as under the parity transformation 

a ^ iR, Cr^Cl- (2.12) 

Let us note that the invariance properties ()2.9|) - H2.12|1 are naturally 
reproduced on the level of Euler-Lagrange equations. 

By variation of the action (|2.6() respecting the constraint 

X^X = 1, i.e. dX^'X + X^6X = 0, d^X'^X + Xd^5X = (2.13) 

and assuming that due to suitable boundary conditions the boundary 
terms vanish we find the Euler-Lagrange equations 

P{dLdRX - Id^XX^d^^X) = 0. (2.14) 

They can be also expressed in the matrix form 

[dLdRP,P]=0 (2.15) 

or in the form of a conservation law 

dLidRP, P] + dRidLP, P] = 0. (2.16) 

Methods for finding special solutions of (|2.14|) . e.g. soliton solutions, 
are known |16[ I17j . 

By explicit calculation one can check that the real-valued functions 

jL = tv{dLXdLX^p), jR = tT{dRXdRX^p) (2.17) 

satisfy 

OlJr = OrJl = (2.18) 
for any solution X of the Euler-Lagrange equations (|2.14|) . The func- 
tions Jl, Jr are invariant under local SU (m) and global SU{N) trans- 
formations (|2.9j) and (|2.10j) . 
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3 Surfaces obtained from Grassman- 
nian sigma model 

Let us now discuss the analytical description of a two-dimensional 
smooth orientable surface T immersed in the su(A^) algebra, associ- 
ated with the Grassmannian sigma model ()2.14l) . We shall construct 
an exact su(A^)~valued 1-form whose "potential" 0-form defines the 
surface T . Next, we shall investigate the geometric characteristics of 
the surface T . 

Let us introduce a scalar product 

{A,B) = -U.tAB 

on su(A^) and identify the (A^^ — 1) -dimensional Euclidean space with 
the su(A^) algebra 

M^'-i ~su(iV). 

We denote 

Ml = \dLP. P] , Mr = {dnP, P\ . (3.1) 

It follows from (|2.16)) that if X is a solution of the Euler-Lagrange 
equations (|2.14l) then 

QlMr + dnML = 0. (3.2) 

We identify tangent vectors to the surface with the matrices 
and Mr, as follows 

Zl = Ml, Zr = -Mr. (3.3) 
Equation 1)3.2(1 implies there exists a closed su(A^)~valued 1-form on 

n 

Z = ZLd^ + Zad^R, dZ = 0. 

Because Z is closed and il. is connected and simply connected, Z is 
also exact. In other words, there exists a well-defined su(A^)-valued 
function Z on 0, such that Z = dZ. The matrix function Z is unique 
up to addition of any constant element of su(A^) and we identify the 
components of Z with the coordinates of the sought-after surface J- 
in Consequently, we get 

OlZ = Zl, OrZ = Zr. (3.4) 
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The map Z is called the Weierstrass formula for immersion. In prac- 
tice, the surface T is found by integration 



(3.5) 



along any curve j{S,l,Cr) i^i ^ connecting the point {Cl,Cr) £ ^ with 
an arbitrary chosen point £ ^• 

By computation of traces of Zb-2d, B,D = L,R we find the 
components of the induced metric on the surface 

G = ( ^ = (3.6) 

V Glr, Grr J 

-tr (^ d,XdnXt+dRxa,X^ 

The first fundamental form of the surface J- takes surprisingly compact 
form 

/ = Jlid^L? -2GLRd^Ld^R + jR{d^Rf 

= {26B,D-l)tT{dBXdDX^P)d^Bd^D (3.7) 

where summation over repeated indices B,D = L,R applies and 
5b, D = 1 B = D and otherwise. 

In order to establish conditions on a solution X of the Euler- 



Lagrange equations (|2.14|) under which the surface exists, we introduce 
a scalar product on the space oi N x m matrices X 

{b,a) = tT{a.b^), a,6GC^^"^ 

and employ the Schwarz inequality, i.e. 

|tr (a6U)|2 < tr (aaU)tr {bb^ A) (3.8) 

valid for any positive hermitean operator A, namely for P : P{a) = 
P. a. We may write 

Jd =tv{dDXdDX^P)>0, D = L,R (3.9) 

and 

det G = tr {dLXdLX^P)tT (dRXdRX^P) - tr (dLXdRX^P)^ ^ > 

(3.10) 
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since 



ti{dLXdLX^p) ti {dRXdRX^p) > \tT{dLXdRX^p)\^ 
> ti {dLXdRX^ p)y . 

Therefore the first fundamental form / defined by ()3.7|1 is positive for 
any solution X of the Euler-Lagrange equations (|2.14j) . 

Analyzing the cases when equalities in Schwarz inequality hold 
we find that / is positive definite in the point (Cl;?^) either if the 
inequality 

tv{dLXdRX^P) ^0 (3.11) 
holds in (CljC^) if the matrices 

dLX{d,c%),dRX{a,ej,),x{d,eR) (3.12) 

are linearly independent. Therefore any of the conditions H3.11() . (|3.12|) 
is a sufficient condition for the existence of the surface associated 
with the solution X of the Euler-Lagrange equations 1)2. 14() in the 
vicinity of the point (Cl^^r)- 

Using H3.6() we can write the formula for Gaussian curvature jl8| 

as 



JlJr-G^j^ \ ^ JlJr - G^j^ 

4 The Gauss— Weingarten equations 

Now we may formally determine a moving frame on the surface J- 
and write the Gauss-Weingarten equations. Let X be a solution of 
the Euler-Lagrange equations H2.14() such that det(G) is not zero in a 
neighborhood of a regular point (CljC^) in ^- Assume also that the 
surface T (|3.5|) . associated with these equations is described by the 
moving frame 

f = {diZ, OrZ, na, . . . , n^2_i f, 

where the vectors diZ^dRZ^n^,, ■ ■ ■ ■,nj^2_i satisfy the normalization 
conditions 

{dLZ.dLZ) = Jl, {dLZ,dRZ) = Glr, {dRZ.dRZ) = Jr, 
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{dLZ,nk) = {dRZ,nk) = 0, {nj,nk) = 6jk. (4.1) 

We now show that the moving frame satisfies the Gauss-Weingarten 
equations 

OlOlZ = A^dLZ + A^dRZ + Qfuj, 

diduZ = HjUj, 

dLUj = afdLZ + pfdRZ + sfkUk, 

OrOlZ = HjUj, 

dRdnZ = A'ldLZ + AldRZ + Qfnj, 

dRUj = afdLZ + pfdRZ + sfkUk, (4.2) 

where + sj^j = 0, sj| + s§. = 0, j,k = 3, . . . ,N'^ - 1, 
i HjGiR — QjJr QjGlr — HjJi 

D QfGiR — HjJr p HjGlr — QfJi 
(T • = — li- = 

and A^,A^ {A^,A^ have similar form which can be obtained by ex- 
change L R) are written as 

Al = -^{JR{dLdLZ,dLZ)-GLR{dLdLZ,dRZ)) 

A'r = -^{JL{dLdLZ,dRZ)-GLR{dLdLZ,dLZ)) (4.3) 

where 

[dLdLZ.dLZ) = Ui [{dLdLXdLX^ + dLXdLdLX^)py 

{dLdLZ,dRZ) = ~ti (^{dLdLXdRX' + dRXdLdLX^)P 

+ 2dLXdLX\XdRX^ + dRXX^)y (4.4) 

Note that in fact we can write it in a compact way 

idBdBZ,dDZ) = {Sb,d - ^)tr (^{dBdBXdoX^ + doXdBdBX^)? 

+ 2dBXdBX\XdDX^ + dDXX^)Y (4.5) 
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The explicit form of the coefficients Hj, (where D = L, R; j = 
3, . . . , A^^— 1) depends on the chosen orthonormal basis {77,3, . . . , n^2_i} 
of the normal space to the surface J- at the point Partial 
information about them will be obtained in H5.6I) . 

Indeed, if OlZjOrZ are defined by H3.4() for an arbitrary solution 
X of the Euler-Lagrange equations (|2.14|) . then by straightforward 
calculation using ()2.15|) one finds that 

dLdRZ = dRdLZ = [dLP,dRP] = 

= A - XXX^ - XX^X + XidLX^dnX - dRX^dLX)X^ 

where 

A = OlXOrX^ - OrXOlXI 

By computing 

tr (dLdRZ.doZ) = ±tr {[OlP, dRPUdoP, P]) = 0, D = L,R (4.6) 

we conclude that SlOrZ is perpendicular to the surface J- and conse- 
quently it has the form given in (|4.2j) . 

The remaining relations in (|4.2|) and (|4.3() follow as differential 
consequences from the assumed normalizations of the normals (|4.1|) . 
e.g. 

{nj,nk) =0, j y^k 

which gives 

= {dLTij, Uk) + {dLUk^rij) = Sji, + sj^j. 

Similarly 

{nj,dLZ)=0, {nj,dRZ)=0 
by differentiation leads to 

{dRnj,dLZ) + {nj,dLdRZ) = 0, {dRnj,dRZ) + {nj,dRdRZ) = 

implying 

JLaf + GLRpf + = 0, GLRaf + jRpf + Qf = 0. 

Consequently, a^,f3^ can be determined in terms of Hj,Q^ and of 
the components of the induced metric G. The remaining coefficients 
Uj , Pj" are derived in an analogous way by exchanging indices L R 
in the successive differentiations. 
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The coefficients A^, . . . , are obtained by requiring that {dDdnZ— 
A^diZ — A^OrZ) is normal to the surface, i.e. 

tr {dBZ.idDdoZ - A^OlZ - A^dnZ)) =0, B,D = L, R. (4.7) 

From (|XT|) and we find 

OlOlZ = [dLdLP,P] 

= didiXX^ - XX^OlOlXX^ + XOlOlX^XX^ 

- XOlOlX^ + 2XdLX^XdLX^ - 2dLXX^dLXX^{4.8) 

the expression for duduZ is obtained by the change of the overall sign 
and L ^ R. After substituting the above expressions into (|4.7|) we 
solve the resulting linear equations for A^. 

Let us note that the Gauss-Weingarten equations (|4.2I) can be 
written equivalently in the N x N matrix form 

Olt = Ut, Ort = Vt, (4.9) 



where 



u = 


( 









Pt 


■ 

^33 


'^3(Ar2-l) 


\ 






[ 




1) 




*(Ar2-l)3 • 


• *(Af2-l){Ar2_i) 


/ 




V = 












Qi ■ 

^33 




\ 


4.10) 




I 




1) 




R 

^(Af2-l)3 • 


• *(Af2-i)(Ar2_i) 


/ 





The Gauss-Codazzi-Ricci equations 



dRU -dLV + [u,v] = o (4.11) 

are compatibility conditions for the Gauss- Weingarten equations ()4.2() . 
They are the necessary and sufficient conditions for the local existence 
of the corresponding surface J-. It can be easily checked that they are 
identically satisfied for any solution X of the Euler-Lagrange equa- 
tions (tmi) . 
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The second fundamental form and the mean curvature vector of 
the surface T at the regular point -p can be expressed, according to 
[HHni, as 

II = {dLdLZ)^^iL^iL + 2(ai5^jZ)^dadei? + {dndnZ)^^iRAik^.Vl) 
H = [jnidLdLZ]^ - 2GLB{dLdRZ)^ + JL(a^ja^jZ)^)(4.13) 

where ( )-*- denotes the normal part of the vector. In our case the 
expressions (|4.12p . (14.131) take the form 

II = 

+ 

H = 



+ 

The derivatives dodsZ are expressed explicitly in terms of X in equa- 
tions H4.6|) andJUHI) but after substitution of them into H4.14|) . (|4.15|) 
get rather complicated, therefore we do not present them here. 

5 The moving frame of a surface in the 
algebra B\i{N) 

Now we proceed to construct the moving frame of the surface J- im- 
mersed in su(A^) algebra, i.e. matrices diX, OrX, Ua, a = 3, . . . , N'^ — 
1 satisfying 1)4. 1|) . 

Let X be a solution of the Euler-Lagrange equations 1)2. 14() and let 
i^h^n) be a regular point in Q, i.e. such that detG(X(^^, ^^)) ^ 0. 
Let us denote X° = ^ ^(^o^^O)_ Taking into account 

that 

tr (A) = tr {<^A^^), A G su(iV), $ G SU{N), 

we employ the adjoint representation of the group SU{N) in order to 
bring diZ^dptZ^na to the simplest form possible. We shall request 

X^ = ^( \ . (5.1) 
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{dLdiZ - AidLZ - A'^RdRZ)diLdiL + 2{dLdRZ)diLdiR + 
{dRdRZ - Ald^Z - AldRZ)diRdiR, (4.14) 

^ {JrQ] - 2GlrHj + JLQf) nj 

( JRidhdLZ - A\dLZ - A'f.dRZ) - 2GLR{dLdRZ) + 
MdRdRZ - AfdiZ - ApRZ) ) . (4.15) 



The existence of such $ fohows from the fact that G{m, n) is a homo- 
geneous space ()2.1() . In fact $ is just any representant in SU{N) of 
the equivalence class [X^] such that 

/ <^ii ... <^i,n \ 

x'=[ ... , [x'] = m 

\ <^N1 ... ^Nm / 

and consequently $ is not unique. Explicit (local) construction of ^> 
can be performed algorithmically in such a way that $ varies smoothly 
with smooth change of (for the detailed explanation in the case 
G(m,l) = CP™ see O). 

Let us choose an orthonormal basis in su{N) in the following form 

iAjk)ab = ii^jaSkb + SjbSka), ^ < j < k < N, 



{Bjk)ab = {Sja^kb - Sjb^ka), ^ < j < k < N, 




l<p< N{&.1) 



Using the definition of dnZ (jS31) we find that $t5D^(^° , ^r)^ has 
the following block structure 

d%z^ = $%z(ei,e^)c^=("^T;^ "olf ) ^^-^^ 

(where df)Z are defined by (|5.Hj) ). 

When $ satisfying H5.1() is found, the construction of the moving 
frame can proceed as follows. Assume that one finds, using a vari- 
ant of Gramm-Schmidt orthogonalization procedure, the orthonormal 
vectors 

Aaj,Baj, a = 1,... ,m, j = m + 1, . . . , N, a + j > m + 2 
satisfying 

{d%z',Aaj) = o, (aB^°,Sfe,) = o 

and 

Span(5*Z'', AaJ , Baj) D=L,R,a=l,...,m, j=m+2,...,N, a+j>m+2 = 

Span{Aaj , Baj)a=l,...,m, j=m+l,...,N- (5.4) 

We identify the remaining tilded and untilded matrices 

-^jk -^jki Bjf: Bjif, Cp Cp, 
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where a,j = 1, . . . ,m or a, j = m + 1, . . . , N , 1 < p < N — 1. As a 
result, from Gramm-Schmidt orthogonalization and ()5.3|) we get 

{d%Z^,Aak) = {dtz',Bak) = id%Z^,Cp) = 

and 

(^aii^fefc) = {Bai, Ahk) = Sab^ikt {Cp,Cq) = 6pq, 

{An, Bjk) = {An, Cp) = {Bii, Cp) = 

(where indices run through all the values for which the respective 
tilded matrices are defined). 

Therefore, under the above given assumptions and notation, we 
can state the following 

Proposition 1 Let the moving frame of the surface J- in the neigh- 
borhood T of point Z° = Z{il,i^^) he 

diZ = <^dfZ^\ 
dnZ = <^d%Z^\ 

nf^ = ^>iJfc$^ 

n% = ^Bjk^l 

= ^Cp^^. (5.5) 

where indices run through the values for which A, B, C are defined and 
^{S,l,S,b) on T satisfies 

X{CL,U) = HCL,CR)(]r'''^). 

\ "nxm / 

Then J5.,5|) satisfies the normalization conditions i4.1[ ) and conse- 
quently the Gauss- Weingarten equations i4-^ - 

Note that the first two lines of (|5.5|) are equivalent to ((531) • The 
remaining lines of ()5.5|) give a rather explicit description of normals to 
the surface J-. Since the construction is local, we don't have an apriori 
control of the orientation of normals. Of course, in the neighborhood 
where the procedure is applied the normals have the same orientation. 

The explicit form of the moving frame 1)5. 5|) might be quite com- 
plicated because of the orthogonalization process involved in the con- 
struction of 

n^- , n^- , a=l,...,m, j = m + 1, . . . , N, a + j > m + 2 
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(i.e. in the construction of Aij, Bij). On the other hand, the remain- 
ing normals 

where a,j = 1, . . . , m or a, j = m + 1, . . . , N, 1 < p < N — 1 can be 
constructed immediately after finding ^} 

If we choose other group element ^ satisfying (|5.1j) , the constructed 
normals would have been rotated by a local (gauge) transformation 
from the subgroup of SU{N) leaving OlZ, OrZ invariant. 

It is worth noting that from the equations (|4.6|) . (14.81) immediately 
follows that 

{dLdLZ)^,{dRdRZ)^ £ s]ian{nfj,nfj)a=i,...,m,j=m+i,...,N, (5.6) 

[dhdRZ)^ = dhdRZ G span(nj\., n^^, Tip )a,j=l,...,m, or a,j=m+l,...,N,p<N , 

i.e. OlOrZ is orthogonal to didiZ^dRdRZ (and also to the surface, 
see (fOl V 

6 Final remarks 

The technique presented above for finding surfaces associated with 
complex Grassmannian sigma models defined on Minkowski space can 
be seen to give a rather detailed analytical description of the sur- 
faces in question. This description provides effective tools for con- 
structing surfaces without reference to additional considerations, pro- 
ceeding directly from the given complex Grassmannian sigma model 
equations (|2.14|) . Through the use of Cartan's language of moving 
frames we derived via this sigma model the structural equations of 
two— dimensional smooth surfaces immersed in su(A^) algebra. It al- 
lows to find the first and second fundamental forms of the surfaces 
as well as the relations between them as expressed in the Gauss- 
Weingarten and Gauss-Codazzi-Ricci equations. An extension of the 
classical Enneper-Weierstrass representation of surfaces in multidi- 
mensional spaces, expressed in terms of any nonsingular solution of 
(|2.14|) . was presenetd in explicit form. 

In fact, one particular combination of normals v£ of the form 




can be constructed from X, i.e. P, alone, without the knowledge of corresponding $. 
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